arXiv: 1504.04450v2 [math.PR] 5 May 2015 


Degenerate SDE with Holder-Dini Drift and 
Non-Lipschitz Noise Coefficient * 

Feng-Yu Wang Q ^ ,b ^ and Xicheng Zhang^ 

a) School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China 

b) Department of Mathematics, Swansea University, Singleton Park, SA2 8PP, UK 

c) School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China 

May 6, 2015 


Abstract 

The existence-uniqueness and stability of strong solutions are proved for a class 
of degenerate stochastic differential equations, where the noise coeffcicient might be 
non-Lipschitz, and the drift is locally Dini continuous in the component with noise 
(i.e. the second component) and locally Holder-Dini continuous of order | in the first 
component. Moreover, the weak uniqueness is proved under weaker conditions on the 
noise coefficient. Furthermore, if the noise coefficient is C l+£ for some e > 0 and the 
drift is Holder continuous of order a E (|, 1) in the first component and order (3 € (0,1) 
in the second, the solution forms a (M-stochastic diffeormorphism flow. To prove these 
results, we present some new characterizations of Holder-Dini space by using the heat 
semigroup and slowly varying functions. 
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Keywords: Stochastic Hamiltonian system, Holder-Dini continuity, weak solution, strong 
solution, diffeomorphism flow. 

1 Introduction 

Consider the following ordinary differential equation (abbreviated as ODE): 

x(t) = b(x(t)), x(0) = xq. 

It is classical that the equation is well-posed for Lipschitz b but usually ill-posed if b is only 
Holder continuous. For instance, for b(x) := \x\ a with a E (0,1) and xq = 0, the above ODE 
has two solutions: x(t) = 0 and x(t) = (1 — ^ 0. However, if the above ODE 

*FW is supported in part by NNSFC (11131003, 11431014), the 985 project and the Laboratory of 
Mathematical and Complex Systems, XZ is supported partly by NNSFC (11271294, 11325105). 
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is perturbed by a strong enough noise (e.g. the Browian motion), the equation might be 
well-posed for very singular b. For instance, consider the following SDE on R d : 


dX t = b t (X t )dt + adW t , X 0 = x, 

where W t is a d-dimensional standard Brownian motion on some probability space (hi, ^, P), 
a is an invertible matrix. If b is a bounded measurable function, Veretennikov [22] proved 
that the above SDE admits a unique strong solution, which extended an earlier result of 
Zvonkin [32J in the case of d = 1. More recent results about the above SDE can be found in 
|9[ [HI 'ID! an d references therein for further development in this direction. 

It is worthy noticing that all the well-posedness results mentioned above are done only 
for the time-white noise, which means that the noise is a distribution of the time variable. 
In this work, we are concerning with the following problem: Is it possible to prove the 
well-posedness of the ODE with singular b perturbed by an absolutely continuous Gaussian 
process? More concretely, consider the following random ODE: 

(1.1) dX t = [b t ( X t ) + aW t ]dt, X 0 = x. 


We aim to End minimal conditions on b and a ensuring the well-posedness of this random 
ODE. By regarding X t as the first component process X^ and introducing X^ := aWt , 
this problem is reduced to the study of the following more general degenerate SDE for 
X t : = (V 4 (1) ,X t (2) ) on R dl+d2 = x R d2 : 


( 1 . 2 ) 


dX t = b t (X t )dt + (0, a t (X t )dW t ), X 0 = x= (x (1) , x (2) ) G R dl+d2 


where, for M + := (0, oo), the maps a : M + x R dl+d2 —>• R d2 <g) IP* 2 and b = (b^\b^) : 
M + x M dl + d2 —y M dl+ci2 are measurable and locally bounded. This model is known as the 
stochastic Hamiltonian system with potential H if b = VH, which includes the kinetic 
Fokker-Planck equation as a typical example (see [23]). 

In the following, we will use and to denote the gradient operators on the first 
space R dl and the second space R d2 respectively. Thus, for every (t,x) G M + x M cZl+<i2 , 
V^&j 1 ^) G M d2 <E> M dl with (x))h := X^b[ 1 \x) G R dl ,h G M dz . By Ito’s formula, 

the infinitesimal generator associated to (j 1.2ft is given by 

(1.3) b u = tr(E t • V (2) V (2) u) + b t ■ Xu, 

where E t (x) := ^a t (x)a*(x) and tr(-) denotes the trace of a matrix. 

Let | • | denote the Euclidiean norm and let || • || denote the operator norm. We introduce 
below the notion of Holder-Dini continuity. 


Definition 1.1. An increasing function (f) : R + —y M + is called a Dini function if 


(1.4) 



t 


dt < oo. 


A measurable function f : R + —> M + is called a slowly varying function at zero if for any 
A > 0, 


(1.5) 


lim 

t-> o 


0(At) 

t 


1 . 
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A function / on the Euclidiean space is called Holder-Dini continuous of order a G [0,1) if 


I/O) - f{y )I < 0 - y 1X0 - y|), 0 - z/K 1 


holds for some Dini function </>, and is called Dini-continuous if this condition holds for a = 0. 


Let 3>q be the set of all Dini functions, and J ^ 0 the set of all slowly varying functions 
that are bounded from 0 and oo on [e, oo) for any e > 0. Notice that the typical examples 
in H are (f>(t) := (log(l + for (3 > 1 . 

Roughly speaking, for the existence and uniqueness of the solutions to (11.21b we will need 
5 ( 1 )(., x ( 2 )) and Z/ 2 )(-, x^) and (x^\ •) with fixed x ^ to be locally Holder-Dini contin¬ 

uous of order |, and b^ 2 \x^\ •) with fixed a/ 1 ) to be merely Dini continuous. These coincide 
with the continuity conditions used in [25] for infinite-dimensional degenerate systems with 
linear M 1 ). 

Moreover, it is known that (j 1.2 [) is well-posed if a and b are “almostly Lipschitz contin¬ 
uous”, see e.g. [27], El US]. In this paper we show that, under the above mentioned much 
weaker conditions on b, such a non-Lipschitz condition on a still implies the wcll-posedness. 
To characterize this condition, we introduce the class 

V := [ 7 £ C'(K +; R + ) : ^_d t = oo, liminf + f T '(f)) > o}, 


where J Q ' ^Lydt = oo is the key condition, and liminf ^ 0 + ty/t)) > 0 comes from our 
calculations in the present framework, which is weaker than the following condition used in 


P2 Theorem B]: 


limyft) = oo, 
40 


lim 

40 


*V(*) 

7 (/) 


0 . 


Typical functions in ^ include 


7 i(t) := log(l + t x ), 72 (t) := 7 i(t)loglog(e + t x ), 7 3 (t) := y 2 (t) logloglog(e 2 + t 1 )... 


I 11 the following four subsections, we state our main results on the weak solutions, the 
strong solutions, the stability of solutions with respect to coefficients, and the (^-stochastic 
diffeormorphism flows respectively. 


1.1 Weak solutions 

We introduce the following assumptions for some </> G ^0 H and some increasing function 

C \ M + —y 

(Cl) (Hypoellipticity) a t (x) and [V ( 2 ) 6 { 1 ^(x)][V ( 2 ) 6 | 1 ' ) (x)] * are invertible with 

Hv^jPiu + ||([V (2, 7 ) ][V (2) 61 1) ]-) _1 L + Ikdloo + Ikr'lloo < c(t), t > 0 . 

(C2) (Regularity of Z/ 1 )) For any x,y G K dl+d2 with \x — y\ ^ 1 and t ^ 0, 

- b^\y )| ^ C(t) |x (1) - |/ ( 1 ) |i(/>(|x (1) - y (1) |), if x (2) = y {2 \ 
||V (2) 6j 1} (x) - V ( 2 ) 6 | 1] (|/)|| ^ C(t)0(|x (2) - ?/ (2) |), if x (1) = y {1) . 
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(C3) (Regularity of b^ 2 \a) Either 


(1 6) / l ''‘ 2>W “ b ‘ 2){v)l < “ 2/ <1) l*^a^ (1) - 9 (1) l) + ■A i (|z (2) - i/ (2) l)}, 

1 I Wt(x) - (Tt(y)\\ ^ C{t)\x - y\*<f>(\x - y\), t ^ 0, \x - y\ ^ 1; 

or for t ^ 0,\x — y\ ^ 1, there hold || V^cpH^ ^ C(t) and 

( | bf\x) -b { i\y) | sC C(t){|x (1) - y {1) \%(p(\x (1) - y (1) |) + 0(|x (2) -y (2) |)}, 
(1.7) < ||V®cr t (x^\ x^) — V^a t (y^\ L 2 ^)|| < C'(t)|L 1 ' ) — y^\^(j){\x^ — y^\), 

{ || a t (x w ,x {2) ) - cr t (y {1 \x {2) )\\ ^ C(t)|x (1) - y {1) (j)(\x w - y {1) |). 


Intuitively, there should be a balance between the regularities of b ^ and cr; that is, with 
a stronger condition on a we will only need a weaker regularity of b^. Conditions (11.61) and 
{LID, as well as (II.8^ and (j 1.9 [) below, are introduced in this spirit. 

Theorem 1.1. Assume that (C1)-(C3) hold for some <f G an d increasing function 

C : K + —> R+. Then (11.21) has a unique weak solution. 

Remark 1.1. In jXB|, Menozzi showed that the weak uniqueness holds for (11.21) under the 
assumptions that cr is Holder continuous and b is Lipschitz continuous. In m, Priola showed 
that there is a unique weak solution to (II.2ft when a t (x ) = <j(x) is bounded continuous, 
b^(x) = xW and b^ 2 \x) is bounded measurable. Although our assumptions on and a 
are stronger, we allow b^(x) to be merely Holder-Dini continuous in LL In fact, this is 
the main source of the difficulty in our study, since due to the singularity of b^(x) in x ^ 
we have to carefully estimate the regularization of the noise transported from the second 
component to the first, see Lemma 3.1 below. 


1.2 Strong solutions 

By a localization argument, we will take the following local conditions on a and b. 

(A) For any n G N, there exist a constant C n G R+, some f n G £>o H and y n G ^ such 
that the following conditions hold for all t G [0,n]: 

(Al) (Hypoellipticity) cr t (x) and [V^6^(x)][V^^^(x)] * are invertible and locally bounded 
with 


sup 

®GR d i+ <l2 J |x( 1 )|<n 


([V (2) ^ 1) ][V (2) 6j 1) ]*) 1 ||(a:) + sup ||<r t ^(x) ^ C, 

\x\^n 


(A2) (Regularity of &W) For any x,y G R dl+d2 with |x| V \y\ ^ n, 

I b { t\x) - b { t ] (y) | ^ |x (1) - y {1) \^fn{\x {1) - y (1) |), if L 2) = y {2 \ 
IV (2) 6j 1} (x) - V (2) &| 1) (|/)|| ^ <j> n ( |L 2) - y (2) \), if x (1) = y {1) . 
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(A3) (Regularity of M 2 l,er) Either 


( 1 . 8 ) 


\ b ?\x) ~ b t 2 \y)\ < {k (1) ~y {1) l^n(k (1) - y {1) \) + 4>n{\x {2) -r/ (2, |)}, 
I \(Tt(x) -cr t (y )|| < \x - y\sj^n{\x - y\), |x| V \y\ ^ n; 


or sup| x |^ n || V (2) cr t (a;)||oo < C n and for \x\ V \y\ < n, 


(1.9) 


' I b< t\x) - bf\y) | ^ {|x (1) - y {1) \%(j)n(\x {1) - ?/ (1) |) + M\x {2) - 2/ (2) I)}, 

< II V (2) CTt(x (1) , X (2) ) — V (2) CTf(?/ (1) , X (2) )|| < |x (1) - y {i) \\jln{\x^ - 2/W|) , 
k Ik t{x {1 \x {2) ) - ff t (t/ (1) ,i (2) ) II < |x (1) - y {l) \\J^n (k (1) - |/ (1) |). 


Theorem 1.2. (1) Under assumption (A), for any x G M dl+d2 , SDE (j 1.2 [) has a unique 

solution X t (x) up to the explosion time ((x). 

(2) If, in particular, h t {x) and a t (x) do not depend onx^\ then the above assertion follows 
provided for any n G N there exists (f> n G fl and 7 n G ^ such that (Al) and 


(1 101 I _ ^ l I<2) “ » ( 2 ) IV 0 ti(P^ -</ ( 2 , l). 

- *P(y)l + llvw&SV) - v< 2 )6< 1) ( !/ )|| < 0„(|i< 2 > - t/W|) 

hold for all t, |x|, |?/| ^ n. 

(3) If there exists H G (7 2 (M dl+d2 ) such that 

(1.11) H^l, lirn H{x) = 00 , | V (2) AT| 2 ^ CH 2 ~ £ , &f' b H < $(t)i7, £ ^ 0 

|a ;|—>-00 

holds for some constant e G (0,1] and positive increasing function then the solution 
to (11.21) is non-explosive and for any s' G [0,e) ; 


( 1 . 12 ) 


Eexp 


sup H(X t (x)) £ 
_te[o,T] 


< T(T) exp [H(x ) £ ], T > 0, x G K dl+d2 


holds for some increasing function T : [0, 00 ) —» (0, 00 ). 


Remark 1.2. (1) When U 1 ’ is linear, an infinite-dimensional version of the well-posedness 

has been proved in [25J by following the line of [24] for non-degenerate SPDEs, see 12 El EE] 
for discussions on the pathwise uniqueness of SPDEs with Holder continuous drifts and 
non-degenerate additive noises. 

(2) When m = d, the well-posedness was also proved in [2] under a stronger assumption 
where cr is Lipschitz continuous, b(x) is Holder continuous of order a G (§, 1) in x W and 
order /3 G (0,1) in x^ 2 \ and is Holder continuous. In fact, we will show in Theorem 

1 1.71 below that under this assumption and that a G C 1+£ for some e > 0 the solutions to (11.21) 
form CT-stochastic diffeomorphism flows. Notice that the proofs given in [2] strongly depend 
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on the explicit form of the fundamental solutions of linear degenerate Kolmogorov’s opera¬ 
tors, while our proof is based on explicit probability formulas of the semigroup associated to 
the linear stochastic Hamiltonian system (see Section 2.4 below). 


To illustrate Theorem 11.21 we present below three direct consequences, where the first 
generalizes to (II.lj) . the second includes a class of SDEs with unbounded time-delay which 
are interesting by themselves, and the last presents a new well-posedness result for non¬ 
degenerate SDEs. 

Corollary 1.3. The following stochastic differential-integral equation onR d admits a unique 
strong solution up to life time: 

d X t =^b t (X t ) + J cr s (X s )dW^Jdt, 

where W t is a d-dimensional Brownian motion, b : K + x R d —>■ R d , a : M + x R d —>■ R d <g) l d 
are measurable such that b, o and a^ 1 are locally bounded, and for any n ^ 1 there exist 
4> n G D J^ 0 an d 7 „ 6 ^ such that for all t, |x|, \y\ ^ n, 

n ^ I bt(x) - b t (y )| ^ \x - y\*</> n (\x - y |), 

\a t (x) - a t (y)\ < \x - y\ \/ 7 „(|x - y\). 

Proof. Let x[ l) = X t , X j 2 '* = f* a(X s )dW s . Then the equation reduces to (ll.2[i on R d+d with 
^(x) := /y(x (1) ) + x (2) , := 0, d t (x) := <r t (x (1) ). 

Obviously, the local boundedness of b, a and cr” 1 as well as (11.1311 imply (A) with (11.81) for 
(b,d). Then the proof is finished by Theorem 11.2( 1). □ 

Corollary 1.4. Let b and o satisfy (A) and let b^\x) = b^\x^) not depend on x*- 1 -’. Then 
for any Y 0 = y G R d2 , the following SDE with unbounded time-delay has a unique solution 
up to life time: 

d Y t = bf ] ( J* 6?) (y a )ds, Y^j df + a ( £ (Y a )ds, Y t ^j d W t , Y 0 = y. 

Proof. Let x [ 1 ^ = J d lip (l / 5 )ds and X^ = Y t . Then the SDE reduces to (jl.2|l with X 0 = 
(0,|/) G M dl+d2 . So, the desired assertion follows from Theorem 11.21 □ 

Finally, since existing well-posedness results for non-degenerated SDEs at least assumed 
that a is weakly differentiable (see [31 ED] and references within), the following result is new 
even in the non-degenerate setting. 

Corollary 1.5. The following SDE on R d admits a unique strong solution up to life time: 

dX t = b t {Xf) + a t (X t )dW t , 

where W t is a d-dimensional Brownian motion, b : M + x R d —* R d , a : M + x R d —> <g) R d 
are measurable such that b, a and a" 1 are locally bounded, and for any n ^ 1 there exist 
<p n G D J^o and y n G Y> such that for all t, |x|, \y\ ^ n, 

(1.14) \b t (x) -b t (y)\ ^ f n (\x-y\), \a t (x) - a t {y )| ^ C{t)\x - y\ >/ 7 „(|x - y\). 
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Proof. Let x[ l) = f* X s ds, x[ 2) = X t . Then the equation reduces to (11.21) on M. d+d with 

b^^x) := x {2 \ bf\x) = b t (x {2) ), d t (x) = a t (x (2) ). 

Obviously, the local boundedness of b,a and a^ 1 , together with (II . 14)1 . implies that (Al) 
and (II. 10p for (b,d). Then the proof is finished by Theorem 11.2( 2). □ 


1.3 Stability of solutions with respect to coefficients 

About the continuous dependence of strong solutions with respect to the coefficients (b,a), 
we have 

Theorem 1.6. Let (b k , er fc ) fcgNoo be a sequence of functions satisfying (Al), (A2) and 

Q 15 ) I I(&*)t 2) (a0 - {b k )t 2 \y) I < {k (1) - y (1 \hn(\x {1) - y {1) \) + (pn{\x {2) - yW\)}, 

1 - &t(y )II < C n\x -y\, t < n, \x\ V \y\ < n 

with the same localization constants C n and f> n E O J^o- Assume that {b k ,a k ) satisfies 
(ll.llj) with the same H and C, and for each t, x, 

lim || a k (x) - of (x)|| + \b k (x) - b?(x)\ = 0. 

k,—yoo 

Let X k (x) be the unique solution of (II.2[) corresponding to {b k ,a k ) for each k E Noq. Then 
for each e, T > 0 and x E R d , 


(1.16) 


lim P( sup \X k (x) - X£°(x) | > e ] = 0. 

k-t-oo \ fe[ 0 i T] ) 


Moreover, if for some p > d and for all T, R > 0, 


(1.17) 


sup sup E 

&ENoo 


sup \S7X k (x)\ p < oo, 

te[o,T] ) 


then for each e, R,T > 0, 


(1.18) 


lim p( sup sup \X k (x) — Af°(x)| ^ e) = 0. 

k^-oo \i6[0,T] \x\^R J 


Remark 1.3. See Theorem 11.71 below for sufficient conditions of (11.171) . According to [26] 
Theorem 2.3], condition (jl. 17[) can be replaced with the following weaker one: for some p > d 
and for all T, R > 0, 


sup e( sup \X k (x) - A t fc (2/)| p ) < C\x - y\P, |x| V \y\ < R. 
fceNoo \te[o,T] J 
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1.4 C' 1 -stochastic diffeormorphism flow 

In order to show the C' 1 -diffeomorphism flow property of Xt(x), we need stronger conditions 
as shown in the following result. 

Theorem 1.7. Assume (Cl) and that for some constant fl G (0, |) and increasing function 
C : [0, oo) — y M + the conditions 

{^(x) -b^\y )| ^ C(t) |x (1) -y {1) \ p+ %, if x^ = y {2 \ 

||V (2) 6? ) (a;) - V (2) 6| 1} (s/)|| ^ C(t)\x {2) - y (2) \ if x (1) = y (1) , 

\b?\x) - bf\y )| < C(f)(|x (1) - yA)\Q+l + |x (2) - ?/ (2) |■'), 

IIVdilloo ^ C(t), || Va t (x) - V(Jt(y)|| ^ C(t)\x - yf 

hold for any \x — y\ ^ 1, t ^ 0. Then the unique strong solution {X t (-)} t ^ 0 to (jl.2p is a 
C 1 -stochastic diffeomorphism flow, and 

(1.19) sup E| sup || VA"t(a;)|| p ] < oo, T > 0,p ^ 1. 

ig]R d 1 + d 2 \t£[0,T] J 

In the above result, b has at most linear growth. The following result shows that by 
making perturbations to b, it is possible to prove the C 1 -stochastic diffeomorphism flow 
property for b of high order polynomial growth. 

Theorem 1.8. Keep the same assumptions of Theorem 11.71 Let a : M + x R dl+d2 —* be 

a measurable function such that V at is locally Holder continuous uniformly in t G [0,T] for 
any T > 0. Suppose also that for some H G C 2 (M dl +d2 ), £ G (0,1], 5i, 82 , C\, C 2 , C 3 > 0 and 
positive increasing function <h, and for all t ^ 0, x G M a!l+d2 , 

(1.20) Cfl 1 + |a:| 51 ) < H{x) ^ C 2 (l + \x\ 52 ), \X ( 2 ) H \ 2 ^ C 3 H 2 ~ £ , \^ b+a H\ ^ $(t)H, 

and for some s' G [0, e) and positive increasing function and for all t ^ 0 and x, x' G 
R dl+d2 , 


(1.21) | a t (x)\ ^ &{t)H(x ) £ ', | a t (x) — a t (x')\ ^ &(t)(H(x) £ ' + H(x') £ ')\x — x'\, 

Then the SDE 

(1.22) dX t = [a t {X t ) + b t (X t )}dt + (0, a t (X t )dW t ), X 0 = x G R dl+d2 

has a unique strong solution X t (x) such that {X t (-)} t ^ 0 forms a C 1 -stochastic diffeomorphism 
flow, and for any T > 0 and p ^ 1, there exists a constant C > 0 such that 

(1.23) E( sup ||VXi(z)|n ^ Ce H W\ xeR dl+d2 . 

\te[o,T] J 

Below is a simple example illustrating Theorem 11.81 where the drift is neither local 
Lipschitz nor of linear growth. 




Example 1.1. Let di — d 2 — d, a E (|, 1], m E N and cj, C 2 > 0. Take 

H(x) = 1 + \\x {2) \ 2 + ci|x (1) |“ +1 + c 2 |z (1) | m+1 . 

Let a be an invertible d x d-matrix. Consider the following SDE 

d(X t (1) ,xf } ) = {X^ 2 \-V^H(X t ))dt + (0,adW t ). 

It is easy to see that Theorem 11.81 applies to 

b(x) = (x^ 2 \ — ci (a + l)^ 1 |x^^| a_1 ), a(x) = (0, —c 2 (m + l)x^ 1) |x ( ' 1 ^| m " 1 ). 


I11 the spirit of [521 122] , the key point of the study is to construct a time-dependent diffeo- 
morphism on M dl+d2 which transforms ( 11 . 21 ) into an equation with regular enough coefficients 
ensuring the desired assertions. To this end, we take a freezing coefficient argument, which 
is different from the one used in [2j, so that the construction is reduced to solve an parabolic 
equation associated to a linear stochastic Hamiltonian system. To figure out the minimal 
conditions on b and o for the required estimates on solutions to this parabolic equation, we 
introduce some techniques in Section 2, in particular, some characterizations of the conti¬ 
nuity using the heat semigroup. Moreover, in Section 2 we also present gradient estimates 
on the semigroup of the linear stochastic Hamiltonian system. With these preparations, in 
Section 3 we investigate the parabolic equation associated to the generator (see (13.11) 

below), which in turn provides the desired diffeomorphism on R dl+d2 . Finally, in Section 4 
we present complete proofs of the above theorems. 

2 Preparations 

This section contains some results which will be used to construct the regularization trans¬ 
form in the proof of the main results. We first present a Volterra-Gronwall type inequality 
associated to a Diui function, then characterize the continuity of functions using the heat 
semigroup, and finally introduce derivative formula and gradient estimates on linear stochas¬ 
tic Hamiltonian systems. 

Throughout the paper, the letter C with or without subscripts will denote a positive 
constant whose value may change from one appearance to another. For two real functions 
/ and g , we write / g if / ^ Cog for some Co > 0; and / x g if C\g ^ ^ C 2 g for some 

c u c 2 > 0 . 


2.1 Volterra-Gronwall inequality associated to a Dini function 

Lemma 2.1. Let 0 : M + —» K + be a Dini function. For any T > 0, there exists a constant 
C = C(4>,T) > 0 such that if A ^ 0 and bounded measurable functions f,h : M + — > K + 
satisfy 

h(t)i + te(0,n 

Jo 1 — s 
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then 


bit) f Q e~ x{t ~ s) ^_ ^ f(s)ds, t e (0, T], 

Proof. Let ai(t) = ^ and define 

a n +i(t) = [ a n {t - s)ai(s)ds, t e (0, T\, n G N. 

Jo 

Since ^p-dt < oo, by [27, Theorem 1] with k{t,s ) := 'pip l{s<t} (see also 
2.1]), we have 


a(t) :=J2 a n(t) ^ L\[0,T}) 


72—1 


and 

( 2 . 1 ) 

Letting 


a(t) = ai(t) + / a(t — s)ai(s)ds. 
Jo 


9(t)= / e X{t s) ai(t - s)f(s)ds, 

Jo 

then by [28, Lemma 2.2], we have 

h{t) ^ gift) + f e ~ A h- s ) a (£ — s)g(s)ds. 

Jo 

Combining this with (12.ip and using Fubini’s theorem, we obtain 

h{t) if g(t) + [ e~ x J~ s ^a(t — s) ( f e _A ^ _r - ) a 1 (s — r)f(r)dr ) ds 


'0 


o 



x ^a(t - s)e- A(s - r) ai(s - r)dsj f{r)dr 

pt—r 


= 9(t) + i u e 

= g{t) + f e _A< - < "^/(r)dr / a{t — r — s)ai(s)ds 

Jo Jo 

I g(t) + f e _A(f “ r ' ) a(t — r)/(r)dr. 

Jo 

So, it remains to prove 

(2.2) a(t) I Cai(t), te(0,T] 

for some constant C > 0. By the increasing property of q i, we have 

0(rt) < ^) = a 1 W 
rt rt r 


Lemma 
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By the standard induction argument, this implies 


(2.3) 


a n {rt ) ^ r G (0,1), t G (0, T], n G N. 


Indeed, by the change of variables and induction hypothesis, we have 

prt pt 

a n+ i(rt)= a n (rt-s)a 1 (s)ds = r a n (r(t - s))a 1 (rs)ds 
Jo Jo 

- f a n (t — s)a\(s)ds = " +1 ^ 


r 


'o 


Thus, for any e G (0,1) and t G (0, T], by (j2.3[) we have 

rt °° r t 


i(t — s)ai(s)ds = / a n (t — s)ai(s)ds 




n=l 


00 rt _ /, \ ^ /»£t 

a l(^) / T / \ , u(t) f £T / V , 

^- / a(s)ds + -- / ai(s)ds. 

£ Jo — e J o 


s)A 


ai(s)ds 


Letting £ G (0,1) be small enough such that ^ / Q T ai(s)ds ^ |, and combining this with 
(12.11) . we obtain 


a(t) ^ 2ai(t) ( 1 H— J a(t)dtj , £g(0,T]. 


This implies (12.2(1 since a G L 1 ([(), T]). 


□ 


2.2 Slowly varying functions 

We first recall some important properties of slowly varying functions (cf. [1} Theorem 1.5.6 
(ii) and Theorem 1.5.11]). 

Proposition 2.2. For any (j) G 5+q, the following assertions hold: 

(i) For any 5 > 0, there is a constant C = C(S) ^ 1 such that for all t,s > 0, 

<K 0 < r 

—— + C max 

ns) 


(ii) For any (3 > —l, as t —» 0, we have 


Ly W d S -T + vw 




JO P + 1 

The following lemma is simple. 


4 >{s)ds 


t 13 l 4>(t) 
( 3+1 
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Lemma 2.3. For any bounded measurable function if : (0,1] —y we have 

(2.4) 


m , I/(+ - f(y)\ \f{x)-f{y)\ 

^ ' |*-y^l $(\x~y\) xjy i>[o](\x - y\) ’ 


where + 0 ](t) ■= V+)W + + (l)+>i and + (1) := sup sG(01] if(s). 

Proof. Clearly, it suffices to prove that 

I/Or) - f(y) I < [/]+>*(l)|z - y\, \x-y\^ 1. 

Suppose that n < |x — r/| ^ n + 1 for some n E N. Let x = xq,xi, • • • ,x n ,x n+ i = y be 
n + 2-points in M. d so that 

|Xi - Xi- 1 | = 1 , i = 1 , • • • ,n, \x - y\ = n + \x n+l - x n \. 

Then we have 

71+1 

1/0*0 - f{y) I < X, l/( X 0 “ < [/]+*(!)+ + K +1 - Xn\) = [/]+*( l)|x - J/|. 


1=1 


The proof is hnished. 

Due to the above lemma and also for later use, we introduce 
(2.5) : = 


□ 


*+) := t a (f(t)l m + c a tl t>1 : + y 0 with c a = sup ae(Ojl] (s a 0(s)) < oo 
for a E [0,1], and let 

& = U ae [ 0; i]^ a . 

The function with a E [0,1] and <f E 3>o not only characterizes the H51der-Dini modulus, 
but also reduces the study to functions with linear growth. Notice that by (i) of Proposition 
12.21 c a in (12.51) is automatically finite for a E (0,1]. 

Below we list the main properties of if E && for later use, which are easy consequences 
of Proposition 12.21 

Proposition 2.4. For a E [0,1], let if E & a . 

(i) For any S > 0, there is a constant C = C(S) ^ 1 such that for all t,s > 0, 


( 2 . 6 ) 


if(s) 


< C max 


£ \ a +5 /1\ ol—5 


In particular, if a E [0,1), then for allt ^ s > 0, 
(2.7) 




V>(s) i>(t) 

(ii) If a E (0,1), then there is a constant C > 0 such that for all t E (0,1], 


( 2 , 8 ) 


s if(s)ds ^ Cif(t), / s if(s)ds ^ Ct 1 if(t ) 


(iii) There is a constant C > 0 such that for all s,t > 0, 

(2.9) if(s + t) ^ C(if(s ) + if(t)). 
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2.3 Characterization of continuity by using heat semigroup 


Let 


0 be the set of all measurable functions on R d with polynomial growth. We will 


investigate the continuity of / G 


on W 1 by using the standard heat semigroup 


( 2 . 10 ) 

where 


Pef(x) = / f{y)po(x - y)dy, 9 > 0, 

J R d 

1 


p e (x) := 


(2vr ey/' 


_ Ml 

-e 29 . 


Notice that by elementary calculus, 


( 2 . 11 ) 




I x\ k {o + \x\ 2 y 

Qk+2j 


Pe(x), 9 > 0, x G R d , k, j = 0,1. 


For any measurable function 0 : [0,1] —> M + and / : R d —y M, define 

\f(x)-f{y)\ 


L/]y := sup 


:= sup |/(x)|, ||/||^ := [/]y + 

zgR d 


M\x-y I) ’ 

It should be noticed by (12.4p and (12.5|) that for any 0 G 

(2.12) \f(x) -f(y)\ ^ if(\x-y\)[f]^, x,y eR d , 
and if 0i(s) ^ (702 (s), s G (0,1] for some C > 0, then 

[/]*<<?(/]*• 

We first present the following simple lemma. 

Lemma 2.5. For any 0 G ^ and /? ^ 0, f/iere exists a constant C > 0 sac/i that for all 
9> 0, 

(2.13) f \z\^ip(\z\)pe(z)dz ^ ( 7020 ( 0 ^), 

(2.14) |)V‘^P„/|U < C[/]*ri-lV>(^). = 0.1. 

Proof. Let 0 G 1^0 for some a G [0,1]. By the change of variables and (12.61) . for any 
5 G (0,1), we have 

f \z\P'ip(\z\)pe(z)dz = 9^ j \z\ j ip(92\z\)pi(z)dz 

J R d J R d 

R 0 2 0(0^) [ \zf(\z\ a+s V \z\ a - 5 ) Pl (z)dz, 

J Rd V ' 

which gives (j2.13j) . 

Next, for any x G R d , let f x — f — f(x). By (12.lip . (12.121) and (12.131) we obtain 
\X7 k diP 9 f\(x) = \V k di ) Pef x \(x)^ [ \f x (x + z)\\V k dip e (z)\dz 


^ [fU 


\z\ k {9 + \z\ 2 ytf(\z\) 

0 k+2j 


Po(z)dz < [/]^0 2 J 'if(92). 


This proves (I2.14p . 


□ 
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We have the following commutator estimate result. A similar version for the Cauchy 
semigroup can be found in [3]. As an advantage of the present result, it applies to f E 
S3 p (R d ), the class of measurable functions with polynomial growth. 


Lemma 2.6. Let if E & a for some a E [0,1] and </> : M + —> 
satisfies for some C > 0, 


be increasing so that iffi 


(2.15) 


(il<t>)(t + s) $ + W^)(s)), f,S > 0. 


Suppose also that if(t) is increasing on [0,1] if a = 0, and t l if(t) is decreasing on [0,1] if 
a — 1. Then there exists a constant C > 0 such that for any f E 3§ p (R d ) and g E 

(2.16) [d e P e (fg) - fdgPgg]^ < C'[/]^||^|| oo rV(^), 9 E (0,1], 

Proof. By definition (I2.1(jp . we have 

(2.17) F g (x) := d e P e {fg)(x) - f(x)d B P e g(x ) = / (f(z) - f(x))g(z)d e pg(x - z)dz, 

JlBL d 

which, by (12.12D . (12.lip and (12.13p . implies that for all 6 > 0, 

(2.18) \\F e He A [f\w,\\g\\oo [ (^0)(k - z\)\d B pe{z - x)\dz A [/WIMU^WX^)- 

jR d 

Thus, when 1 ^ \x — y \ 2 9 , by (12.6D for a E (0,1] and by the increasing property of if for 

a = 0, we have 

( 2 - 19 ) \ F e{x) - F 0 (y )| ^ 2HF.IU R [/XXMUVKk - y\)9~ 1 cf(9^). 

On the other hand, by (I2.17D we have 

F e (x) - F e (y) = I (f(z)-f(x))g(z)(dgp e (x-z)~d e p e (y-z))dz 

(2.20) J j: d 

+ / if(y) - f(x))g{z)d e pe{y - z)dz =: h + J 2 . 

jR d 

When \x — y \ 2 < 9 ^ 1, by (12.121) . (I2.15D . (12.111) and (I2.13D . we have 


( 2 . 21 ) 


\h\ A [f]^\\g\\oo\x - y\ 
A [f}uh\\oo\x ~ y\ 


I (ifcf)(\x — * |) | V d B p B (x — z + r(y — x))|dzdr 

R d x [0,1] 

I {if<f>)(\x - z + r(y - x)|) + (if(f)(\x - y\) 

jR d x [0,1] L 

x |Vdgpgfx — z + r(y — x))| dzdr 

A [fM\9\\oo\x - y\(ti><j>)(9*)9~* [f]n\\g\\oo^{\x - y\)9^(t){9^), 


where the last step is due to (12.7p for a E [0,1) and the decreasing property of t 1 if(t) for 
a = 1. Moreover, since (f is increasing, when \x — y | 2 ^ 9, it follows from (12.12p . (I2.13P that 


\h\ A [f]^\\g\\M(jf)i\x - y\)9 1 ^ [fUM\oo^(\x - y\)9 1 <t>(9\ 
Combining this with (I2.19D . (12.20D and (I2.2ip . we obtain (I2.16D . 


□ 
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We are now able to characterize a Holder-Dini continuous function by using the heat 
semigroup (see [20] for the characterization of Holder space by using Poisson integrals). 


Lemma 2.7. For any 0 G & with J 0 ' ^-ds < oo, letting 


( 2 . 22 ) 

then we have 
(2.23) 


4 >(t) — t + t 


1 0 s 
ml <!>(*) 


ds + 


0 ( S ) 


ds, t e (o, l), 


0 + ll/lloo + sup 

06 ( 0 , 1 ] 


||WV|| C 




/e 


In particular, if 0 G for some a G (0,1), then 

\\0d e Pef\\c 


(2.24) 

Proof. Notice that 


ll/IU x ll/lloo + sup 
06 ( 0 , 1 ] 


0(02) 


/e 


/(x) = P gf(x) - / d s PJ(x)ds. 


Since ||VP s /||oo + H/IIoo/a/s for s > 0 and <9 S VP s f(x) = VP s / 2 (0 r P r ) r=s / 2 /(x), we have 


POO 

VP ef(x) = / d B VP 8 f(x)di 
Je 

which, by (12. 1411 . implies that for 0 G (0,1], 


VP s/2 (9 r P r ) r=s /2/ (x)ds, 


IVPfl/IUd^/) 


s ^ds + j s 2 0(s 2 )ds ) + £(f) ( 1 + y s 2 0(s)ds ) , 


where £(f) is the quantity of the right hand side of (12.2311 . Hence, 


I/O) - f(y) I < ||VPfl/||oo|a; - 1/1 + 2 / |[a s P s /||oods 


+ £(/) — 2 /| + |x — y\ I s 2 0(s)ds + J s 1 (f(s^)dsJ , 

which in turn implies that by letting 6 = \x — i/| 2 ^l, 

I fix) -f(y) | + £(f)4>(\x-y\), 

where 0 is defined by (12.2211 . If a G (0,1), by (12.711 and (12.811 . we have 0(£) + 0(t). Thus, 
(12.24p follows by (j2.23[) and (12.18[) with g = 1 and 0 = 1. □ 
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Next, we consider the product space R dl+d2 . For any ^ 1; 0 2 : R+ —i > M+ and / G 
C(R dl+d2 ), set 


[f]tpl ,00 ■ sup [/(‘, 3 ^ [/]oO,V>2 

0;(2)eE d 2 


sup [/(x (1) ,-)]y 2; 
x( 1 )eK d i 


[/]’/' 1|V>2 • [/] 1/11,00 *h [/] 00,^2 > 11 / 11 -01 ,V>2 ■ [/]l/>l,l/>2 d~ 


and for simplicity, 


[/W : = [/W> ll/IU := ll/IU,^* 

Let Pg be the heat semigroup on M di , we set for x = (x^x^) G M a!l+d2 , 

(2.25) P ( e ] f{x) = {P Pf/(x) = {P f/(x (1) ,-)}(x (2) ). 

Obviously, Lemmas 12.61 and [2~7l apply to both (|| • ||</, i0 o, P^) and (|| • ||oo,</>- P^)- For instance, 
letting Pg = P^P^ be the Gaussian heat semigroup on M dl+d2 , by the contractivity of P^ 
under the uniform norm, Lemma [2.61 implies the following result. 


Lemma 2.8. Let ^ 1,^2 G and f> : M + —> M + be increasing such that if^i = 1,2 and f> 
satisfy the same assumptions as in Lemma 12.61 Then there exists a constant C > 0 such 


that 

(2.26) [d e Po(fg) - fd e P 0 g]^ < C[f]^^ UsM" 1 ^), 6 > 0. 


Finally, the following result characterizes || • 
(MU.oo.pf). 

Lemma 2.9. For any 0i, 0 2 G J and 0 : M + —» 


by using P (1 \ and the same holds for 


there exists a constant C > 0 such that 


0i(# 2 )02(s) +0i(# 2 ) A-0 2 (s) ^ 61 -i 
0(s) 


[deP ( e\f9) ~ fdeP^gU* < C[f}^ 2 IM|oo,v > 2 SU P 

se(o,i] 

holds for all 6 G (0,1] and measurable functions f,g on M dl+d2 . 

Proof. By definition, we have 

F 0 (x) = d e P < e 1 \fg){x) - f{x)d e P < f > g{x) = f G(z (1) ,x (1) ,x (2) )%> 0 (x (1 ) - £ (1 ))d^ (1) , 


where 

G(z^\ x^\ x^) \= (^f(z^ 1 \x ( - 2 ' > ) — f{x^ 1 \x ( - 2 ' > )^g(z < ' 1 \x^ 2 ' > ). 

Clearly, by (I2.12p we have 

|G(z (1) ,x (1) ,x (2) ) - G(z {1 \x (1 \y {2] )I ^ 0i(|x (1 ) -z w |)[/]^ 1>oo 0 2 (|x (2) - y {2) \)[g]oo,i, 2 
+ 2^( , 0i(|x (1) - z^Dlf]^, 00) A {^ 2 {\x {2) — 2/ (2) |)[/]oo,^ 2 )) lls'lloo- 
Hence, for x, y G M dl+d2 with x^ 1 ) = yP\ by (12.13j) . we obtain 
I F g (x) - F g (y)\ P [f]^,oo[g]oo,^i{^)Mx {2) ~ 

+ [f]fi,ih\\9\\oo(ij>i(9*) A0 2 (k (2) - 2/ (2) |))0"\ 


which in turn gives the desired estimate by dividing both sides by 0(|x^ 2 - ) — y^ 2 ') and then 
taking supremum for |x*- 2 ' — y^ 2l \ ^ 1. □ 
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2.4 Gradient estimates for linear stochastic Hamiltonian system 

Let B : R + —>■ R dl ® R d2 , a : R + —>■ R d2 <g> R^ 2 be measurable such that B r B* and a r are 
invertible with 


(2.27) 


k : = sup (\B r \ + \a r \ + | (B r B*) x | + \a r 1 |) < oo. 

reR+ 


For x = (a^ 1 ), x( 2 )) G R dl+d2 and 0 ^ s ^ t, define 

(2.28) X a>t (x) = (x {1) + r Sit x (2) + [ B r dr [ a r ,dW r/ , z (2) + [ a r dW r ) , 


where (W r ) r ^>o is a d 2 -dimensional standard Brownian motion, and 

(2.29) r s , t = f B r dr. 

Clearly, X Sti (x) — (X^ t \ X^) solves the following degenerate linear equation for t ^ s: 

(2.30) 


dxU = B t xf) di, X<;> = #, 
dX< 2 > = a,dW„ X< 2 > = x< 2> . 


Let P s j, be the Markov operator associated with X st (x), i.e., 

P s ,J(x) = E f(X 8 it (x)), f G ^(R^ 2 ). 

We first investigate the derivative estimates of P Sj tf ■ To this end, we collect some fre¬ 
quently used notations here. 

• For a smooth function / on R^ 1 " 1 ^ 2 , V (1 ^/ and V®/ denotes the gradient of / with 
respect to the variables an 1 - 1 and x^ respectively. In particular, by (12.28|) we have 

(2.31) v«iv = Ps,M 1 ] f, P s ,M 2) f = v®p 8 , t f - r s,M 1 ] Ps,tf. 

• For h = (hW,hW) G R dl+d2 , we also write 

V/ := (V (1 >/, V®/), V ft / := (V/, h) = v' 1 ,!,/ + V®,/. 

• Let % be the set of all increasing functions </> : R + —> R + with the property 

(2.32) cj)(rt ) < Cr S (f>(t), r ^ 1, t > 0 
for some C, 5 > 0. Notice that by (|2.6]h 

cf. 
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To estimate the derivatives of P Stt f, we first present a Bismut type derivative formula 
which can be found in m, nu and [25], For readers’ convenience we state the formula in 
details and present a simple proof. 

Fix 0 ^ s ^ t and define 


Qs,t = J {t — r)(r — s)B r B*dr G 
By (12.271) . it holds that for some C > 0, 

-3 


\Qs,t \ < C(t- s ) , t> s. 


For h = (h^\ h G M dl+d2 , define for r G [s,t], 

hi 2) 

(2.33) *J, t (r) = --+ (t + a - 2r)fl a *Q;; t 1 

’ t — s 


hP> + 


t — r' 


t — s 


B r ,h { 2 ) dr' 


Obviously, by (I2.27j) . there exists a constant C > 0 such that 

\hM\ \hW\ 


(2.34) 


, 0 ^ s < t < oo, r G [s, t]. 


t — S (t — s) 2 / 

Theorem 2.10. For n <E N, s = s 0 < si ■ ■ ■ < s n = t and hi, ■ ■ ■ , h n G M dl+d2 , let 


(2.35) 


ft< = h" + r^, hf <), {j_ iSi = / <<*•*♦», d»v), 


d 2 ) A (2) 


1 s¥\hi 


' Si -1 


where r s>Si _ 1 is defined by (\2.29b and i = 1, • • • , n. Then for any f G ^p(M dl+d2 ), we have 




i= 1 


, X G M dl+d2 . 


(2.36) V hl ---V hn P Sit /(a;)=E 

Proof, (i) First of all, we consider the case of n = 1. For e G (0,1), dehne 

Wf = W r - £ cr“ 1 $^(r , )dr', r G [s,t]. 

By Camaron- Mart in’s theorem, (Wjf) re [ S) t] is still a Brownian motion under the probability 
measure dP e := i? e dP, where 


.2 rt 


(2.37) R e := exp 

Thus, if we write 
Xf fix) := (x^+eh^ + [ B r 


e / (a-Xt^dW,) 


cu. 




<F^(r)| dr 


x^+eh^F j a r ,dW r £ , 


dr, x^ F eh ( 2) F / oydWTf ) , 
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then the law of X s>t (x + eh) under P is the same as the law of X £ st (x) under P e , that is, 
Ps,tf{x + eh) = E f(X a , t (x + eh)) = E (R e f (X e a>t (x))). 

On the other hand, by definition fj2.33j) . it is easy to see that 


X e 8 it (x)=X a , t (x)+e[hW+ I B r 
Hence, 


h (2) - / $* t (r')dr' 


dr, h (2) - / $^(r)dr ) = X a>t (x). 




V h P Sit /(x) = lim -E [f(X at (x + eh)) - f(X at (x))] = limE 

e4_0 £ e4-0 

which together with (12. 3 7ft yields (I2.36P for n — 1. 

(ii) Assuming that (I2.36P holds for n = k e N, we intend to prove (I2.36P for n — k + 1. 
Noticing that P s .tf = P s , Sk Ps k ,tf and by definition (I2.28p . 

= ( ft hi + hfl) = A t+1 , 

by induction hypothesis, we have 

• • • V/ ll P S) t/(x) = Vft fc+1 E 


= E 


= E 


= E 


i=1 
k 

2=1 

k 

jfc+1 


i=1 


2=1 


where in the last step we have used the independence of {A SjSfc (x), , z = 1, • • • , fc} and 


The proof is complete. 


□ 


Lemma 2.11. For any p ^ 1 and </> G '^7, there zs a constant C = C(4>,p, n) >0, where k 
is given in (I2.27p . such that for all 0 ^ s < t < oo, 

(2.38) |W|N>)|)||„ < cm - S)i), ||^(|X< 2 »(0)|)|| b $ cm - s)i), 

where II • |L := (1 


|p)p. 
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Proof. First of all, by (I2.28P and Burkholder’s inequality, for any p ^ 1 there is a constant 
C = C(p, k) > 0 such that for all 0 ^ s < t < oo, 

(2.39) (0)11, <£(*-»)*, |I^S > (0)l|,<C'(«-«) 4 - 

On the other hand, since 0 G % is increasing, by (\2.32\i we obtain 

||^(KV(0)|)||, = Ik((« - s) ! l(i - »)- 5 Jfi,V(0)|)|| r 

< CV((f - s)*) ||l + l(< - 

Combining this with (12.39P we prove the hrst estimate. Similarly, we can prove the second 
estimate. □ 


Below we present a simple consequence of the above formula, which will play crucial 
roles in the next section. In particular, as in [3], the pointwise estimate results given below 
allow us to borrow the Holder regularity of to compensate the singularity along the hrst 
direction induced by the degeneracy. 

Corollary 2.12. Let 0,-0 £ W ■ For any T > 0 and m,/c e N 0 =: {0} UN, there exists a 
constant C > 0 such that for any 0 ^ s < t ^ T and any constants Ad, K 2 ^ 0, 


(2.40) H(V (1) )® m (V (2) )® fc P s ,t/||(0) < C(K l( p((t - s)§) + A00((t - s)*))(t - s)~^ 
holds for any measurable function f on M cil + d2 satisfying 

(2.41) \f(x)\ ^ K l( f(\xW\) + K^ilzW]). 

Consequently, for any m e N, k e N 0 and any measurable function f on M dl+d2 , 

(2.42) ||(V (1 >)®’”(V (2 >)®‘P,, 1 /|U < C[fU, x m - s)i)(t - s)-t-5, 

(2.43) ||(V< 2 >)“P.,</IU $ C(lf]^m - s)f) 4- [fU^m - S)i))(t - s)-r 


Proof. We introduce the following notations: 



ch 

S 


h e ®+ + + g;; 0) 




where £ff t is defined by (12.351) . and (e+ = is the standard basis of R dl . Similarly, we can 
define 0^ e mU 2 . By (12. 34[) . (I2.35P and Burkholder’s inequality, we have for any T > 0 and 
P> 1, 

(2.44) \\£f\\ p F{t- s)~ I, IlS^Hp A (f - s )-3, 0 ^s<t^T, 

where || • || p := (E| • | P )U 

Let Si = s + [t — s)i/{m + k), i = 0,1, • • • , m + k be the uniform partition of [s, t\. Using 
the above notations, by (12.361) we have 


||(y( 1) )® m (V {2 )) <8,fe P Si t/||(0) ^ E<^ |/(X+0))| 


m+k 


m°L- n s 


( 0 ,-) 

Sj_i ,Sj XI ^ S j — li s j 
i= 1 J =771+1 
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Estimate (I2.4(jp follows by Holder’s inequality and (I2.4ip . (I2.38p . (I2.44p . 

In general, for fixed Xq G M a!l+ ' i2 , let 

9x 0 (x) ■= f{xo ] + V s ^x { q\x {2) + x[> 2) ), 

fx 0 (x) := f(x {1) + 4 1} + r Sit x^ 2) , x (2) + x^) - g x 0 (x). 

Noticing that P s ,t9x 0 = 0, we have 

(VW)® m (VW)® k P s , t f(x o) = (V (1) )® m (V (2) )® fc P ilt / a;o (0), m ± 0. 

Thus, (12T42T) follows from (1X4011 with K 2 = 0. As for (1X431) . it follows by (1X401) . □ 

3 A study for degenerate parabolic equations 

Throughout this section, we fix T, A > 0 and consider the following degenerate parabolic 
equation with Holder coefficients: 

(3.1) dtu t = ,b u t - Xu t + ft, u 0 = 0, t E [0, T], 

where 2z? t s ’ 6 is defined by (11.31) and / : [0, T] x M dl+d2 —>• M is measurable. The solution will 
be used in Section 4 to construct the diffeomorphism on R dl+d2 which transforms the original 
(11.21) into an equation with regular enough coefficients so that the existence and uniqueness 
of solutions are proved. 

Before studying equation (13.11) . we first estimate the gradients on P s ,t(H ■ = 1,2, 

which are nontrivial consequences of Corollary 12.121 and will play a crucial role in estimating 
derivatives of u t in terms of the formula (13.321) below. For fixed 0 G H <5^, let 

(3.2) \*(t) = e-«rV(4), i 6 (0,T|. 

3.1 Gradient estimates on P,,f It ■ V : ' : / ) 

Below all the constants appearing in -< only depends on T, d\, d 2 and 0. 

Lemma 3.1. Let f G CT(M dl+d2 ) and H G C 1 (M dl+d2 ; M d2 ) with H( 0) = 0. For 0 ^ s < t ^ 
T and k = 0,1, recalling the definition o/0[ Q ] in (12.51) . we have 

(3.3) ||(V (2 >)® ( ‘ +1, P,.,(/1 ■ V< 2 >/)||(0) X [PW|V< 2 >/|UA*(i - s), 

(3.4) || V M(V< 2 >)®‘P s , t (if ■ V< 2 >/)||(0) i \\H IU [(4+1)/s| ,„I|V( 2 )/|U [(4+11/s| , 00 AS(( - s), 

(3.5) || V <'>(V< 2 >)®‘P,,(P ■ V‘ 2 >/)||(0) i \H) tm ([/], I(M)/S] ,oo + II V‘ 2 >/|u)aJ(« - o), 

(3.6) |V (1 >P,, t (ff ■ V< 2 >/)|(0) ^ ([ff]i p/J| + l|V (2 >ff|U„ /91 , 00 )|/| lM A*(« - s). 

Moreover, if for some K > 0, 

\H(0,x^)\ ^ K |x (2 )|0(|x® |), 

then 

(3.7) ||(V«)®<‘ +1 >P,, t (ff-vm/)||(0) X ([7 /]* [1/3| ,oo + /^)||V<‘)/|U(t - s )-4, 

(3.8) ||vW(V <2) )®*P.,,(ff • V<‘)/)||(0) P + ^)ll v<1) /lli M ,»A*(i - s). 
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'(fc+l)/ 3 ] ‘ 


Proof. (1) Since H( 0) = 0, recalling definition (12. 5 p and (I2.12p . we have 

I#Ml < [ffWioitM), llff • v> 2 >/IU, <l+w „ < l|ffII* [(fc+l)/3] liv (2, /l|* l( 

k 

So, (13.3p follows by (I2.40p . and (13.4j) follows by (I2.42p . 

(2) To prove (I3.5j) . we introduce 

fi(x) ■= f 2 (x) := /(0,ad 2) ), fi(x) := f(x) - fi(x), i = 1,2. 

Moreover, for Pg being the heat semigroup on M d2 , let 

h° = pJ, 2) # 2 -pftf 2 (o), h 6 2 = h 2 -h 9 2 , e> o. 

We have 

(3.9) H- V (2) / = tf 2 - V (2) / + tf|- V (2) / + tf|- V (2) /, 06(0,1], 

Below we investigate these three terms respectively. 

(2a) Observing from (12.121) that 

|ff 2 ■ V (2 >/|(l) < [ff]* Ift+1)/ , | , 0 o||V (2 »/|U^p +1)/31 (|x( 1 >|), 

by (12.401) we obtain 

(3.10) ■ V (2, /)||(0) -< [ff]* l(l+11;j| ,U|V< 2 >/|UAS(* - »)■ 


(3.11) 


(2b) Since by (I2.3ip we have W^P s>g g = 0 for g depending only on ad 2 ), it follows that 

WP s , t (H 6 2 • V (2) /) = V^P s , t (H 9 ■ V< 2 >/ 2 ) = V«P S)t div< 2 >(/ 2 if«) - V«P s , t (/ 2 div^). 

Noting that Lemma [2.31 and (12,5j) imply 

\f 2 H e 2 \(x) ^ 11V (2) 11oo[/]i [2/3]lOG |a^ (2) |(|^ (1) | + |z (1) |s)> 

\f 2 dw {2) H 9 \(x) ^ ||V (2) H’||| oo [/]i [a/s])0 o(|x (1) | + 

from (12.311) and Corollary 12 .1 21 we obtain 

l|v‘ 1 )p», t (ff“ ■ V< 2 >/)||(0) s: ||V< I )P M div< 2 )(/ 2 H 2 ")||(0) + ||V' 1 >P., t (7,div< 2 )/f»)||(0) 
( 3 . 12 ) s: ||V (1 >V< 2 >P,, i (/ 2 flf)||(0) + ||r»,,|| . ||V< 1 >V' 1 >P s , t (/ 2 ff“)||( 0 ) 

+ l|VWp,,,(/ 2 div( 2 )H»)||(0) r< [/li M ,«.l|V <a) ffJlU(i - 

Similarly, using 

l/ 2 ff 2 *IM $ Iiv (2) i/ 2 "||oo[/li 111 ,oo7 <2) l ■ k (1) |, 
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|/ 2 div (2 >J/ 2 "|(i) < HV< 2 »//»|U[/] 1|1|i00 |x< 1 >|, 
to replace (13. lip , we have 

(3.13) ||V (1 )V (2 )p s , t (^ ■ V^ 2 >/)||(0) ^ [/]i (1] ,oo11V (2) oo(t - s)-i 

Moreover, by (I2.14p . 

IIv< 2 »// 2 9 |U r< e e (o, i]. 

Then (j3. 12[) and (I3.13P yield 


(3.14) || V W(Vl 2 ))®‘P», t (ff|.V«/)||(0) r< l/li IM „ 1 ,»PI^ I „ sl ri#)(‘-») 4 . 


(2c) Since H( 0) = 0, by (I2.14p we have 

\H°(x)\ = [ (d r P^H 2 (0) - d r P®H 2 (x))dr 
Jo 

< 2 / ||9 r P‘ 2 >7/ 2 || 00 dr r< \HU tm 1“ r 30(r2)dr 
Jo “ Jo 

^ [H}oo,<p l2/3] ^ 3 4 >( 02 ), 9 e (o,ij. 

Thus, it follows from Corollary 12.121 that for 9 G (0,1], 


(3.15) II V' 1 >(V< 2 ')®'-'P,, i (S|. V< 2 >/)||(0) r< ||V (2 >/|U[J4] 00 ,« w „(i - sr^ei^ei). 
Taking 9 = (t — s) 3 , by combining (13. 9 p with (13.10p . (I3.14p and (I3.15p . we prove (13. 5 p . 


(3) We now prove (13.6p . Since V (2) /i = 0 and V (1) p s t (// 2 . V (2) / 2 ) = 0, we have 

lg V ( 1 ) P a ,t(H ■ V®/) = V«P s , t (P 2 • V®/ 2 ) + V«P s , t (P 2 ■ V (2) /i) 

= V«P s , t div (2 > (f 2 H 2 + fA) - V«P s>t (/ 2 div( 2) P 2 + /idiv (2) P 2 ). 


Below we estimate these two terms respectively. 

Firstly, by div (2) P 2 (ir) = div (2) P(a;) - div (2) P(0, x®), we have 

|7 2 div« 2 >/f 2 |(x) r< l/li |3| ,ool|V< 2 )//|U(|x< 1 )|§ + |i<»|), 
|7idiv (2) P 2 |((r) r< [/]oo,i [§] [V (2) P]^ ];00 (|x (2) |i + Ix^D^ijdx^l). 

So, Corollary 12.121 implies 


V« 1 >P, 1 (/ 2 div« 2 'P 2 )|(0) i [/]i Mj ool|V (2) ff|| co (i - »)-*, 
V< 1 >P., t (/,div< s )H a )|(0) i [/]oo,. |2/ , 1 [V< 2 'ff]„ 1/ ,„ co Aj(( - »). 
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Next, since 

\hH 2 \(x) + \fiH 2 \(x) ^ [H}i [2/3] lf}i [2/3] (\x {2) \ + |x ( 2 ) |§)(|x (1) |i + |x (ii j), 

it follows from (12.311) and Corollary 12.121 that 

|V (1) P s , t div (2 )(/ 2 i/ 2 )|(0) + |V (1) P s , t div^(/ 1 P 2 )|(0) 

=< ||V«V®P, lt (/ 2 ff 2 + /iP 2 )||(0) + (t - S )||V«V«P s ,t(/ 2 P 2 + /iP 2 )||(0) 

^ [HhwifWwit - s )~* ± [^iip/a][/] i [2 /3] A o(^ — «)• 

Combining this with fl3J~6j) and (I3.17j) . we prove (13.6|) . 

(4) Noticing that 

I h ■ v (1) /IW «: ([ff]« I , / ,„=»^[i/3i(|x (1) |) + a'|i (2) |^(|x <2) |))||v <1 >/IU, 

by Corollary 12.121 we obtain (13.71) . Let g := H ■ V^/. Observing that 

IjjIW s: /f[V <1, /]i M , 0 o|x (2) |^(|i <2| |)(|i ,1 >| + |x (1) |5) 

+ mw. l .»ii v(1, /ii^p + i)/3](ii (1, i). 

and V (1) g 2 = 0, by Corollary 12.121 again, we have 

||V<i>(v< 2) )®' i P s , l (// . V (1 >/)||(0) = ||V (1) (V ,2 >)®' : F s , l 9 2 ||( 0 ) 
s +^)iiv< i) /ii, I1/ ,„„Aj(( - S ). 

The proof is complete. □ 


3.2 Smooth solutions and apriori estimates 


In this subsection, we study the key apriori estimates for the smooth solutions of equation 
(13.11) . To this aim we assume that 

(3.18) sup (||V® fc 6 t || 0O + ||V® fe /t||oo + ||V®V t || 00 + II^IU + Ikr 11 

te[o,T] 


t lloo 


) < oo, fceff. 


For fixed (f) E 3 >qC\ S^q, we introduce the following quantities for later use: 


(3.19) 


4* := s«P {[PW /sl ,=o + l|V ,2 >6i 1, |U 1 * + ||([V< 2 >6< 1, ][V< 2 >6‘ 1) ]*) 

te[o,T] 


-l 


cr 


-ii 


't lloo + lktlUp/3] + l b t \</>[2/3 

and 

(3.20) &$'.= &+ + sup [bf\ 0 7/2, ^:=J 0 + sup ||V (2) cp|| 0[1/9]i0O , 

v ' te[o,T] te[o,T] 

where 4>[a] is defined in (12.51) . By (13.18[) . these quantities are all hnite. 


The main result of this section is the following, which is the key in the proofs of Theorems 

oca 
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Theorem 3.2. Under (j3.18j) . (13.1|) has a unique smooth solution u such that for allt G [0, T\, 


l|V«,|| lll/ „, 0o + ||V (1) V (2) M t |U + ||v< 2 >v< 2 >«,||^ 


(3.21) 


L 



(3.22) ||Vw t || 1[1/3]i0O + HVV^Utlloo < C' 



where C — C((f>, JS^) and C' = C"(0, &A are increasing in and respectively. 

Remark 3.1. We emphasize that the constants in Theorem 13.21 are increasing in £} (U or 
=2^, since this property enables us to make smooth approximations of relevant functionals 
in the proof of the main results without changing the constants. 

We first prove the existence and uniqueness of u. 

Lemma 3.3. Assume (13.181) . Then (13.11) has a unique smooth solution u such that 



holds for some constant C increasing in sup te [ 0 T ] (II ||oo + Halloo) • 

Proof. Let X tjS (x) = X i s solve the following SDE: 



Notice that UT-t{x) solves the following backward equation: 

dtUx-t + -^T-t u T-t ~ A ur-t + fr-t = 0. 

It is well-known that UT-t{%) has the following probabilistic representation (for example, see 
m Theorem 4.4]), 



By (13T8D . we have 


sup 

se[o,T] 



Then ut has bounded derivatives uniformly in t G [0, T]. Moreover, by the linear growth of 


b and /, it is easy to derive the second inequality in (13.231) . 


□ 


In order to prove (13.211) and (13.221) . we need the following three lemmas, which will be 
proved in the next subsection. 


Lemma 3.4. Assume (j3.18j) . 
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(1) There exists a constant C = C(<j), £2$) increasing in £2$ such that for any 0 ^ s < t ^ 

T, 

(3.24) IIV^IU + HV^V^MtlU ^cJ*A+{t - s)(||Vu a || 0O + [/,]*) d s, 
and for k = 0,1, 

||v< 1 )(v' 2 >)®‘ tIt ||=o f Ai(t - sfwvmu.h 

(3.25) Jo v 

+ || V^' ) w s ||i [(fc+2)/3]i0O + [/s]0[( fc+1 )/ 3 ],^ds. 


(3) There exists a constant C' = C'((j), £2'^ increasing in £2'^ such that for any 0 ^ s < 
t £ T, 


(3.26) 


|| 



At(t- S )(||V^|| 1[2/3] 


+ [fs]<j> I 


[1/3] > 


ds, 


Lemma 3.5. Assume (j3.18[) . There exist constants C = (7(0,^) and C' = C'(<j>, £2'^ 
which are increasing in 42^ and £2'^ respectively, such that for all 0 ^ s < t £ T, 

(3.27) ||V (1) !i,|| 1|i|i00 < C f A *(t - s)(||VV <2) !i,|| 00 + ||V (2) V (2 >«»lloo,«»/’ + [/.],„*■) ds 
and 

(3.28) IIVWk.II, „ < C f A*(t - S )(||VV« 2 >«,|U+ [f,U m fds. 

Lemma 3.6. Assume (13.181) . There exists a constant C = C((f, £2$) increasing in £2$ such 
that for any 0 ^ s < t £ T, 

(3.29) ||V (2) V {2) M t ||^3/2 < cj\+(t - s) (||Vm s ||^s /2 + [/ a ]^/ a )ds. 

Now we can give 


Proof of Theorem 13.21 Letting 

h{t) := ||V^|| 1[1/3] , 00 + ||V«V( 2 )^|| 0O + UV^V^U^, 
and combining (I3.24p . (13.25[) . (I3.27P and (13.291) . we obtain 


h(t) 2< J A i(t - s)(h[s) + 


= / e 


which yields (13.2ip by Lemma [2.11 

Similarly, (I3.22p follows by combining (I3.25p . (I3.26P and (I3.28p . 


□ 
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3.3 Proofs of Lemmas I3.4H3.6I by using freezing equations and 
Duhamel’s representation 

To prove Lemmas 13.4113.61 by using results presented in Section 2, we need to represent u by- 
using P S)t . To this end, we introduce the following scheme of freezing coefficients at a fixed 
point x 0 = (xq 1 \xq 2 ^) G R dl+d2 . 

Let yt be the unique solution of the following ODE: 

(3.30) ^ = -&*(&)> 2/o = ^oeM dl+d2 . 

Since b is smooth and has bounded derivatives due to (13.181) . 

(3.31) 9 t : x 0 i—>• y t is a diffeomorphism on W ll+d ' 2 . 

Let be the freezing operator defined by 

if t X0 « = tr (A t • V (2) V (2) n) + {B t x {2) ) • V (1) u, 

where A t := E t (y t ) and B t := (V (2) &J 1} )(?/f). Set 

u t (x) = u t (x + y t ), f t (x ) = f t {x + y t ), £ t (x) = E t (x + y t ) - E t (y t ), 

and 

b?\x) = bf\x + y t ) - bf\y t ), b ( t\x) = &J 1] (x + yf) - b ( t\y t ) - X7 {2) b[ 1} (y t )x {2) . 

From (13.11) and (13.301) it is easy to see that u satisfies 

d t u = ^ t xo u - A u + tr(Ef ■ V (2) V (2) w) + b ■ Wu + /, u 0 = 0. 

Let P S) t be the semigroup generated by J£f°. By Duhamel’s formula, we have 

(3.32) ut= f e- A ^P s , t (tr(E s -V (2) V (2) n s )+6 s -Vn s + / s )d S . 

Jo 

Note from the definition of (x) that 

|^ 1} (0,x (2) )| = | b { t\y^\x {2) + y[ 2) ) - V (2) 6j 1) (j/ t )s (2) | 

(3.33) ^ |x^ 2) | J \V^b[^ (jjf 1 \rx^ + y^)—V^b^iy^dr 

^ C , [V (2) 6i 1) ] OOi ^|a; (2) |0[o](|a; (2) |). 

Combining this with (13.201) and (13.191) . we are able to apply (13.31) . (13.41) . (13.71) and (13.81) to 
derive the following lemma. 
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Lemma 3 . 7 . Assume fl3.18p . There exist constants C = C(0, i^) increasing in such 
that for all 0 ^ s < t T and k = 0,1, 

(3.34) ||v W (V< 2 >)®‘-F>,,,(6» ' Vi.) ||(0) s: CA*{t - s)(||V< 1 ) M ,|| li§| , 00 + ||V< 2 ' tI .|U |Sf , | . 0o ), 

(3.35) ||(V< 2 ))® ( ‘ +1 )P.,,(6. ■ Vfi.)||(0) < CA*(t - s)||Vti,|U. 

The following lemma is an easy consequence of (I2.42j) and (I2.43|h 

Lemma 3 . 8 . There is a constant C = C(f>, T) > 0 such that for all 0 ^ s < t ^ T and 
k = 0,1, 

(3.36) ||V( 1 >(V' 2 >)®‘P s . t /»|U <: CA*(t - S )[/J, [(l+11/ „ l00 , 

(3.37) ||(V' 2 ')®< t+1 >P > . 1 /,|| 00 < CA*(t - 

Moreover, by (|3.3|) . (13. 5 p and (13.6p . we have 

Lemma 3 . 9 . Assume (13.181) . There exist constants C = C((p, and C' = C"(0, J2^) which 
are increasing in £!</, and J2' 0 respectively, such that for all 0 ^ s < t ^ T and k = 0, 1, 

V (i)( V (2))® fc p s t ( tr (E s • V (2) V (2) n s )) ||(0) 

^ C , (||V (2) u s || 1[(fc+a)/!fll0 o + IIV^vW^Hoo) At(t ~ s), 

( V ( 2 ))®(fc +1 )p S)t ( tr (E s • V< 2 >V< 2 >u s )) ||(0) < CIlvWvWuJooAftf - s), 

|vWp Sit (tr(E s -V( 2 )v( 2 ^ s ))|(0) ^C'\\V^u s \\ 1[2/3] Ai(t-s). 


(3.38) 

(3.39) 
and 

(3.40) 


Now we are in a position to give the proofs of Lemmas 13.4113.61 


Proof of Lemma \3.f\ Now, substituting estimates in Lemmas I3.7H3.9I into (13.32p . and noting 
that u t = u t (- + yt ) where, according to (I3.3ip . y t runs all over K^ 1 " 1 ^ 2 as x 0 does, and by 
Lemma [2711 and (13.321) . estimate (13. 24h follows from (I3.35j) . (13.37j) and (13.391) : estimate (13.251) 
follows from (I3.34j) . (13.361) . (13.38D and (13.241) : and finally, estimate (13.261) follows from (13. 34ft . 
(13736D and MID . □ 


Proof of Lemma 1 .7. 51 For simplicity, constants C and C' below are corresponding to ^2^ and 
respectively as in the statement, which may vary from line to line. 


(1) Let P^'- 1 be defined by (I2.25p . Let wf(x) := <%P ^Ut{x) and 


9 e t(x) ■= d e P { e\h t • Vut){x) - (b t ■ Vd e P^u t )(x) + d g P^f t (x) 
+ ti(d g P^{E t ■ - E t • d e P^ (x). 


By equation (13.11) . we have 


d t w e t = 2?' b w e t - \w 9 t + g°. 




























































By (13.251) with k — 0, we have 


(3.41) 


iv (1 V 


t IlOO 


< c J o - s ) ([v^V/3,,0* + [g% 1/3] ,t)ds. 

By the definition of w e t and using (I2.16j) for g — 1, ift = 1 [ 2 / 3 ] and (ft = l[i/ 3 ], we obtain 

(3.42) [V ( V]i M ,co S ||V ( 1 ) V< 2 >u,|| oo e->. 

Next, by Lemma [2761 with ift = and <ft = 1 [ 1 / 3 ], we obtain 

(3.43) \g% 00 0 C([b t }+ 2 oollV^IU + [S^ oollV^V^^IU + [f t ]+ JH. 

V 3 3 / 

Moreover, by Lemma fLTU for ift 1 = 02 , and 0 2 = 0 2 , and using aAc^fl^c^ for a, c > 0, we 
obtain 

[d e p£\b t ■ Vut) - b t • V<%P^W ^ C^}, ^Vutll^e-I 
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and 


P.pS’V.W <c-[/Ji iai .3»» _ * < cif.u.^e- 1. 


. 3 

Finally, by Lemma [2TTTI for 0i = 1 [ 1 ] and ift 2 = (ft 1 , we obtain 

[<%P A) (£ t ■ v (2) v®rtt) - e* • d e p«v®v( 2 VW ^ c'||v (2) v (2) ix t || 0O ^3/2ri 

Therefore, 

[rfW < ^(iiv^iu^ + ||v (2) v (2) ^|| 00,(/> 3 / 2 [/t]l^2j50 2 

Combining this with (13.4IF (13.43ft and (13.42ft . and using (12.24ft . we obtain (13.27ft . 

(2) We now prove (j3.28j) in the same way. By (13.26[) for ( w 9 ,g 9 ) in place of (u, /), we 
have 


H. 


(3.44) 


HVtoflU « C ft Ai(t - s)(||V<Vlli,j, + bf]^,i,.oo)ds. 

By Lemma [2791 for g — 1, 


Due to (I3.42p and (!3.43p . we only need to estimate || V^iuf ||oo,i [2/3] . 
0 i = l[i], 0 2 = l[i] and ft = l[ 2 / 3 ], we have 

l|v<VlUi m s ||vv (2) u ,iurl. 

This, together with (13.44ft . (13.43ft and (13.42ft . yields 


sup WdldeP^VutWcc ^ C' [ At(t-s)f||VV (2) « s || 00 + ||V ^|| 00 + [/^ i 2 i> 00 N )d S . 

cfn if ./n ' ^ / 


6>G(0,1) 


By Lemma [2.71 for 0(s) = ss, this implies (I3.28p . 


□ 
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Proof of Lemma \3.6\ Let P@ be the semigroup on M dl+(i2 . Let wf = dgPgU t and 
g 9 t (x) = dgPg(b t ■ Vu t )(x) - (bt ■ \7dgPgU t )(x ) + dgPgffix ) 

+ tr(0*P e (E t • V (2) V (2) Mi) - E t • <%P e V (2) V (2) u*) (x). 

By equation (13.11) we have 

dtv,; = jgf v - V + <??. 

Thus, by (I3.24|) we have 

(3.45) l|V< 2) V ( V|U r< A$(t - s)(llViuflU + [ 9 »"]*)ds. 

On the other hand, by (12.141) . we have 

llv^Hoo = n^PflVutiu =< rV 5/2 (^)l|Vu t || 05/2 , 

and by (12.16j) . 

[ 9 % < rV 5/2 (^)(N 07 / 2 ||V^|| oo + [/*]*7/ 2 + [E t ]*7 /3 ||V (2) V ( V||oo). 

Substituting these two estimates into (I3.45P and noticing that by (ii) of Proposition 12.21 

f s~ 1 f> 5 / 2 (s)ds + t f s -2 0 5 / 2 (s)ds A 0 3/,2 (t), i G (0,1], 

Jo Jt 

by (12.231) . we obtain 

l|V (2 >V< 2 >« t |p„ i [ A*(t - s)(||Vu,||*,/, + ||V< 2 >V< 2 >u»lloo + [/,p„)d 3 , 

which gives the desired estimate by Lemma 12.11 □ 

3.4 Classical solutions of ( 13.11) 

In this subsection we prove the existence and stability of classical solutions to equation (13 .1 p . 

Theorem 3.10. Assume < oo. For any f : [0, T] xl^K with 

sup [/ S ] 03] ,*7/2 < OO, 
se[0,T] 

there exist a unique classical solution u to (13.ip such that for all t e [0,T], 

(3.46) IIV'“tl| llv31 ,co + l|V< 2 >V< 2 > lll ||* V3 -S C [‘If,} ^,,,^/Us. 

Jo IS 

Moreover, let (6 fc , cr fc ,/ fc ) fceNoo be a sequence of functions. Let J2 k be defined, as in (13.201) in 
terms of(b k ,cr k ). Assume that 

SUp SUp [/ s fc ] 0r2/3] ,07/a) < oo, 

k \ se[0,T] [ 7 ] ' 
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and/or each t > 0,x € R dl+(i2 , 

lim || a k t (x) - o?(x) || + \bt(x) - 6f(i)| + \f?(x) - f?(x)\ = 0. 

k—> oo 

Let u k (x) be the unique classical solution of (13. ip corresponding to (b k ,a k ,f k ) for each 
k G Noq. Then for each T, R > 0, 

(3.47) lim sup (|«f-«rl + |V(uf-«ni + l|V (2) V‘ 2 )(< 1 f-«r 1 )ll)W = 0. 

Proof. (1) Let g be a non-negative smooth function with compact support in M. d having 

/ g(x) dx = 1. 

J«. d 

For n G N, define g n (x) = n d g(nx ) and 

(3.48) b n t = g n * b u cr t n = g n * a t , /” := g n * f t . 

Clearly, b n ,a n and f n satisfy (I3.18jl . Let be defined by (I3.20[) corresponding to b n 1 a n . 
It is easy to see that for some n 0 large enough and all n ^ n 0 , 




Let u n be the unique smooth solution of the following equation 
(3.49) 8>< = Ser^n/ - At.” + u” = 0, 1 6 [0, T], 


which enjoys the following uniform estimate: 
(3.50) 


V <l|l[ i;3| ,co + l|V (1) V ,2) !l 


n II 
t lloo 


l | v ( 2 ) v ,2 ><||^ /2 






f_a lu oj0 [2/3]l? )7/2ds, 

JO L •’ 

So, Ascoli-Arzela’s theorem implies the existence of u such that, up to a subsequence, 


lim sup (\u?-ut\ + |V«-u t )| + ||V (2) V (2) «-u t )|| > )(aO =0, R > 0. 

n_K5O te[0,i],|a:|cR ' ' 

By taking limits for (13. 49ft and inequality (I3.50p . we obtain the existence of classical solutions 
of (13.ip as well as the estimate (I3.46p . 


(2) We use a contradiction argument. Suppose that (13.4711 does not hold. Then there 
is a subsequence k m such that 

hm sup (\u km -u t °°| + \V(u km -0| + ||V (2) V (2) («t m -M t °°)||)(x) > 0. 

m —Aoo te[0,l],|a:|<iZ ' ' 

On the other hand, repeating the proof in step (1), since u°° is the unique solution of (13. ip 
corresponding to (6°°, a°°, /°°), there is a subsubsequence k' m such that 

lim sup (\ut m - M t °°| + |V(w t C - «“)| + ||V (2) V (2) K C - ^ll)^) = 0. 

Thus, we obtain a contradiction, and so, (I3.47jl holds. □ 
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We also have the following existence of Holder classical solutions under Holder assump¬ 
tions. 


Theorem 3.11. Assume for some a G (|, 1), /? G (0, 

:= sup {[f>i 1) ]i M ,oo + 

(3.51) 


^.,0 •= sup {[6i 1) ]i w ,oo+ + ||([V« 2 >6i 1, ][V (2 >6< 1| ]-)- 1 | 

tg[0,T] ^ 

( 2 ), 


+ ll^t l|l[al.l[0] + Halloo + Ik, 


t ^loo + ||cT t ||i 


< oo. 


Then for any e G (0,/3 A (ck — |)), there exist a unique solution u to (13.11) and constants 
6 G (0,1) depending only on a,/3, and C = C(£J a fi,e,5) > 0, which is increasing in J2 a ,/3, 
and such that for all t G [0, T] and A ^ 0, 

(3.52) ||Vu,|| I[1/s| + ||VV‘ 2 >u > ||,„ 1 , 1 „ ] C 

Jo 

Proof. First of all, we assume (13.181) . Following the proof of Lenuna [3.61 by Lemma [2.81 we 
have for any e G (0, j3 A (a — |)), 


bt]i [a -e - (Nih,i [/ 3] Halloo + [ft]i 

Noticing that for any f> G 

0[2/3](s) = S 3/2 0(s) r< 1 [q— e] (s) = s“" £ , 

by (13.211) . we obtain that for some 5 G (0,1), 


i] ,i IJ] + P«]i,„_.„V_. 1 l|V (2) V (2) u 1 |U)»»- 1 . 

0 7/2 (s) S l[fl_sj(») = s' 2-5 , se|0,1], 


llVmf||, M « + IIW'VlU S / e- A <‘->(( - , ds 

Jo 

A O^ 1 J* e~ x{t ~ s \t « s ) - 5 (|| v u s || 0O + || v(2)v(2) u s ||°o + [f s ]i [a] ,i m )ds, 

which in turn gives (13.521) by Lenuna 12.71 and (I3.2ip . In general, we can follow the same 
approximation as done in Theorem 13.101 □ 


4 Proofs of Main Results 

Proof of Theorem QT7] . The existence of weak solution is well known, see e.g. [13., Theo¬ 
rem 2.2 and Remark 2.1, Chapter IV] and (2Tj- So, we only prove the uniqueness. Let 
(O, P; X t , Wf) and (O', P'; Xf Wf) be two weak solutions of SDE (11.2ft with X 0 = 
X' 0 = x G M dl+ci2 . Fix T > 0 and / G C£°([0, T] x M dl+d2 ). For any n ^ 1, let a n and h n 
be in (13.481) . and let i2 n and £H' n be the numbers defined in (I3.20p and (13.191) for (b n ,a n ) in 
place of (5, a). It is easy to see that for some no large enough and all n ^ no, 

£ n ^ 2B, £' n < 2.0'. 
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By Theorem 13.21 for f , fr-t) in place of (2z? f S ’\ ft), for any A ^ 0 the equation 

(4.1) d t u n t = < - A< + f T - t , < = 0, t e [0, T\ 

has a unique solution u n : [0,T] x K dl+<i2 — y M such that 

(4.2) sup (||V<|| lrlll0O + HVV^OU) ^ e(X) : = C f T e ~ x ^^—^-ds 

ie[0,T],n^l V ' Jo t — S 

for some constant C > 0. So, Ascoli-Arzela’s theorem implies the existence of 

u : [0, T\ x R dl+d2 R 


such that, up to a subsequence, 

(4.3) lim sup (\u™ — u t \ + ||V®(w” — u t )\\) (x) — 0, R > 0, 

n ~^°°te[o,T],\x\^R A 2 


and, moreover, 

(4.4) sup (Ni + [V (2) u t ]! ) ^ e(A). 

te[o,T] v ' 

Now, due to (11.2p and (14.11) with A = 0, Ito’s formula for uf_ t (x) implies 

0 = uf(x) + [ E{(a s + ^ s ’ fe )uT-,(^)}ds 

Jo 

= vJf(x) + E J {tr[(E s - £:)V (2) V (2 ) u£_ s ] + (b s - b n s ) ■ Vuf_ s - f s }(X s )ds. 

So, according to (14.2p . (j4.3|) and noting that {\b t — b™ | + ||cr t — cr"||} n>1 is bounded uniformly 
in t G [0, T] and converges to 0 as n — y oo, by the dominated convergence theorem, letting 
n-J-oowe obtain 

ut{x) = I Ef a (X a )ds. 

Jo 

By the same reason, we also have 


u T (x) = I E'f s (X' s )ds. 
Jo 


Hence, 


Ef s (X s )ds = E' f s (X' s )ds, /6Cr([0,T]xR^). 


By [201 Corollary 6.2.4], this implies the weak uniqueness. 


□ 
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Proof of Theorem 1 1. 6 A If (11.111) holds, then the non-explosion and estimate (11.121) follows by 
[29 , Lemma 2.2], So, we only prove the existence and uniqueness of local solutions. 

(1) We first assume that (A) holds for some C n = C, <f n = (f and = 7 independent 
of n ^ 1. Noting that 76 ^ implies y(r) ^ cr ~4 for some c > 0 and all r G (0,1], in 
this case we have either J2 ( p < 00 or J3', < 00 . Due to the existence of the weak solution 
as explained in the proof of Theorem 11.21 by the Yamada-Watanabe principle [27] , we only 
need to prove the pathwise uniqueness. 

Let b n , a n be defined as in (I3.48j) . As in the proof of Theorem 11.11 by Theorem 13.21 for 
j 6 r-t ) i n place of (Jzf) 2 ’ 6 , ft), the equation 

(4.5) d t uf = ~ Aur + b n T _ t , u[ = 0,fe [0, T] 

has a unique solution u n : [0, T] x IR dl+d2 M dl+d2 such that (j4.2[) (I4.4p hold for u n and 
some u : [0, T] x M cil+<i2 —y R dl+d2 j n p} ace Q f u n an d u _ Let 

$t(x) = x + u T-t(x), t G [0,T ],x G M. dl+d2 . 

Then for large enough A > 0 , <I> t is a homeomorphism on M dl+d2 such that 

(4.6) sup ([Qthm + < 00 ; 

te[o,T] v 7 

that is, both <3> t and Qf 1 are Lipschitz continuous uniformly in t G [0, T]. 

Now, if X t solves (11.21) up to a stopping time r ^ T, then by Ito’s formula and (14. 51) . we 
have 


X t + n n T _ t {X t ) - X 0 - u t (A 0 ) 

= J {Auf_, + tr[(E, - Sj;)V' 2 >V< 2 >uJ-J + (b, - />';) • VuJ_, + b, - hftX.yU 

+ [ (0, a.dW.'j + / (V« dw ,u?_,)(X„), te[0,r], P-a.s. 

Jo Jo 


So, as explained in the proof of Theorem 11.11 by letting n —> 00 , we obtain for t G [0, r], 


<L t (W) = $o(A 0 ) + / Au T _ s (A s )ds+ / (0,a,(A s )d1W)+ / (V^ a u T _ s )(X s ). 


Therefore, if (X t ) tG [ 0jT j solves (11.21) . then Y t := $ t (X 4 ) solves the following SDE for t G [0, r] : 


(4.7) dr, = A(u t _, o tpxrjdt + {(V® dH , #,) O 4>p}(r). 

Since by (14. 4 j) and (14. 6j) . both u T-t 0 ‘f?)! 1 and (V*- 2 ^*) o d*” 1 are Lipschitz continuous uni¬ 
formly in t G [0, T], from the condition (11.81) or (II.9ft on o we see that (14.71) has a unique 
solution up to time T (see [191, Theorem 4.1]). So, the pathwise uniqueness of (11.2[) holds 
up to any stopping time less than T. By the arbitrary of T > 0 we conclude that (1 1.2 p has 
a unique solution for all t ^ 0. 
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(2) Next, if a(x) and b{x) do not depend on then so does u n (:r). In this case, if 
(II.IOP holds with <f n and 7 n uniformly in n ^ 1, then < 00 for some <f> £ fl so 
that by (13.24j) we may repeat the above argument to prove the pathwise uniqueness. 

(3) In general, by a localization argument as in (23 Proof of Theorem 1.1], we obtain 
the local existence and uniqueness of SDE (11.2(1 up to explosion time (. More precisely, for 
any m ^ 1, let 9 m £ C'^°(M dl+ci2 ; M dl+d2 ) be such that 9 m {x) = % for \x\ ^ m. Dehne 

(4.8) <7 m {x) = (T o 0 m (x), b$(x) = 6 (2) o 9 m (x), b$( x ) = b w (9^\x),x {2] ). 

Here and below, for simplicity of notation, we shall drop the time variables in b and ex since 
it does not play any role in the proof. If (A) or (II. 10)1 holds, then for any m £ N, a m and 
b m satisfy the same assumption for some uniform C,(j) and 7 . For fixed £ R dl+d2 , let 
X™ with Xq 1 = X 0 be the unique solution to fl 1.211 for (cr m ,b m ) in place of (ex, b). Since 
b m (x) = b(x),a m (x) = cr(x) for |x| ^ m, X™ solves the original equation (II. 2(1 up to the 
stopping time 

T m := inf{t ^ 0 : |X f m | ^ m}. 

By step (1), we have XJf = X™ for t ^ r n A r m , and r n is increasing in n. Letting ( = 
lim^oo r n , we see that 

X t := Y, r ° := °> t<( ^ 

te[T n -i,T„) 

is the unique solution to ( 11.211 with life time i.e. limsup^^ |X t | = 00 holds a.s. on 

{C < 00 }. □ 

Proof of Theorem ] 1.61 (1) First of all, we assume that the global conditions in the theorem 
hold for (b k ,a k )k£N- In this case, let u fc be the unique classical solution of (13. If) in Theorem 
13.101 corresponding to (b k ,cr k ,b k ). Dehne 

$ k (x) =x + u!f_ t (x), t £ [ 0 ,T],x £ R dl+d2 . 

As in the proof of Theorem 11.21 for large enough A > 0, and for each k £ Noo, <$> k is a 
homeomorphism on M dl+d2 such that 

sup sup ([$*] 1 + [($t) _ 1 ]i m ) < 00 ; 

fceN^telo.T] v ' 

By Ito’s formula, Y k := $ k (Xf) solves the following SDE for t £ [ 0 , T], 

d Y k = g k (Y k )dt + Q k (Y k )dW t , Y k = $*(*), 

where 

7 := A<_, o ef := (V™ **) o 

Moreover, by (13.4711 , it is easy to see that for each t, x £ M d , 

Jim (| 9 k t {x) - g?{x )| + || 0 ?(*) - 0^)11 + |*?(*) - <TOl) = 0 . 

k —>00 V / 
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and by (13.461) . for all x, y e R dl+d2 , 


sup sup ( \g k (x) - g k (y)\ + || 0 t fe (z) - 0 ?°( 2 /)ll) ^ c \ x ~ v\- 
fceNoo te[o,T] v 7 

Hence, by [18] Theorem 15, p.271], we have for each T, e > 0, 

lirn P{ sup | Y k - Y t °°\ ^ e) = 0, 


k—> oo 


t e[o,T] 


which in turn implies (11.161) . 

( 2 ) In general, by the assumption and (jl. 12 jl . we have the following uniform estimate: 


(4.9) 


sup E exp 

k 


sup H(X k (x)Y 
L *e[o,T] 


< T(T)exp [H(x) £ ], T >0,x eR dl+d2 . 


For each m e N, let 0 m e Co°(lR dl+<i2 ; M. dl+d2 ) be such that 9 m (x) = x for H(x) ^ m. Let cr^ 
and b'Y be defined as in (14.81) . and let X k ’ m (x) be the solution of SDE (11.21) corresponding 
to (a k n ,b k n ). Define the stopping times 

r* := inf {i > 0 : H(Xf(x)) A H() CM) > m}. 

Then by (14.91) . we have 

(4.10) supP(T* < T) < supE( sup H(X k (x)) A H(X™(x)))/m-> 0, oo. 

fc fc Me[o,T] 7 


k k 

On the other hand, we have 


te[o,T] 


P sup \Xf - X“| » £ < P sup \X? - xr\ > e; > T + P(r‘ < T) 


te[o,T] 


< P ( sup \X k ’ m - >e) + P (r* < T), 

,te[o,T] 


which together with step (1) and (14.lOj) gives the desired estimate (11.16j) . 

( 3 ) Let (p : M + — > M + be a bounded smooth function with (p(r) = r for |r| ^ 1. Let 
£ k (x ) := \X k (x) — X™(x )| 2 . For fixed R > 0, let xr '■ ~ 5 *■ [0,1] be a smooth function with 
Xr( x ) = 1 for \x\ ^ R and Xr( x ) — 0 for |x| ^ 2 R. By Gagliado-Nirenberg’s inequality and 
(1 1.1 7[) for some p > d, we have 


sup II^XyrIIc 

te[o,T] 


E 

< CE 


sup \M£t)XR\\ 1 L p P {\\v(£t)XR\\Lr + ||XbV(^))||lp + l) 

_te[o ,T] 


< Cl E 


sup 

L te[o,T] 


p(p-d) A 1 -d/p 


—y 0 , n —> oo, 


due to (1 1.16 j) and the dominated convergence theorem. So, (11.181) holds. 


□ 
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Proof of Theorem \l . 7| By Theorem II.21 for each x E M, dl+d2 , there is a unique global solution 
{X t (x),t ^ 0} for SDE (jl.2(1 . Let u t (x) be the unique solution of equation (13.11) in Theorem 
13. Ill corresponding to (cr,b) and f — b. By (13.521) . we have 

(4.11) l|Vu t || 1[1/3] + ||VV^Ut|| 1[e] < C f e-^- s \t-s)~ s ds. 

J o 

As in the proof of Theorem 11.21 let 


$t(x) = x + u T - t {x). 

By (I4.11|) . for large enough A > 0, is a diffeomorphism on M dl + d2 such that 

( 4 - 12 ) sup (||V$ t || 1[£] + ||V$r 1 Hi w ) <oo; 

te[o,T] v 7 

Moreover, as shown in the proof of Theorem 11.21 that if X t (x) solves SDE (11.21) then Y t = 
<& t (X t ) solves (14.71) . By (j4. 12j) and the condition on a in Theorem 11.71 we have 

(4.13) sup (||V(u T -« ° tr 1 )ll. w + II V{(V^4,) o $ i -1 }|| 1|E] ) < oo, 

te[o,T] 

for some e > 0. So, by m Theorem 4.6.5], {^f(-)}te[o,T] forms a (^-stochastic diffeomor¬ 
phism flow, and so does {X t (-) := $jr 1 (Y' t (-))} te [ 0 i T]- Finally, it is easy to prove (11.191) from 
(HTfl) . (14.121) and sup tG[0iT] HVotHoo < oo. □ 

Proof of Theorem U.Si As shown in the proof of Theorem 11.21 that SDE (II.22[) admits a 
unique global strong solution X t {x) and Y t := $ t (AQ) solves (see (|4.7j) ) 

(4.14) dY t = g?(Y t )dt + Q t (Y t )dW t , Y 0 = y =: $ 0 (x), 
where 

(4.15) g a t := (Au T _ t + a t • V (2) $ 4 ) o Q t := (V<g$t) o <t>~\ 

By (11.211) . (14.111) . (14.12j) and a t E Cl uniformly in t E [0, T], there is a constant C > 0 such 
that for all t E [0, T] and y, y' E K d , 

(4.16) | g?(y) - g a t {y')\ < C(H £ ' o <S>~\y) + W o <S>-\y'))\y - y '|, HVO^U ^ C. 

On the other hand, by ( 11 . 121 ) and e' < e, for any K > 0, there exists Ck > 0 such that 


(4.17) 


Ecxp 


K sup {Ho$;\Y t )y' 
. te[o,T] 


< Ck exp[H(x) £ ]. 


In order to show the diffeomorphism property of i 4 X t (x), we shall use Kunita’s 
argument. More precisely, we want to show the following estimates: for any p E M and 
T > 0, there are constants Ci, C 2 > 0 such that for all x , x' E R dl+d2 and t E [0, T], 

(4.18) E|AQ(x) - X t (x')\ 2p ^ C' 1 (e H ^‘ + e H{x ' )£ )\x - x '\ 2p , 
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(4.19) E(l + \X t (x)\ 5 *) p ^ C 2 (l + \x\^) p , p< 0; 

and for any p > 1 and T > 0, there is a constant C 3 > 0 such that for all x G M dl+<i2 and 
t,s E [0,T], 

(4.20) ®\X t (x) - X s (x)\ 2p ^ C 3 e H(x)e \t - s\ p . 

Estimate (14.201) is direct by the assumptions, (ll.22j) and (14.171) . Let us show (I4.18j) . Set 
Zt ■= Y t (y ) - Y t (y’), y = $ 0 (x), y' = <f>o(A 

and 

Gt := g?(Yt(y)) - g a t(Y t {y ')), U t := O t (Y t (l/)) ~ O t (Y t (y'). 

By Ito’s formula, we have 

d|Z f | 2 = [2(Z t ,G t )+tr(U t *U t )]dt + 2(Z t ,U t dW t ) = \Z t \ 2 d(N t + M t ), 

where 

N t := [ \Z s \- 2 [2{Z s ,G s )+tr(U:U s )}ds, M t := 2 [ \Z s \~ 2 {Z s ,U s dW s ). 

Jo Jo 

Here we use the convention j] = 0. Notice that by (14.101) . 

(4.21) \G t \ ^ C(H £ ' o d>i\Y t (y)) + H £ ' o ^\Y t (y')))\Z t l \U t \ ^ C\Z t \. 

Hence, by (14. 171) . N t + M t is a continuous semimartingale, and 

\Z t \ 2 = \Z 0 \ 2 exp [M t - \{M) t + N t y 

Since for any q G R, 1 H* exp | qM t — is an exponential martingale, by (14.21)1 . (14. 1 7)1 

and using Holder’s inequality, we have for any pG R, 

E\Z t \ 2p = \Z 0 \ 2p Eexp{pM t -2{M) t +pN t }^C(e H W e + e H ^ e )\Z 0 \ 2p , 

which in turn gives (14.181) . 

Next comes to (12.42p . By Ito’s formula and (11.20p . we have 

EH(X t (x)) p =H(x) p + pE I H(X s {x)) p -\^ b+a H)(X s {x))ds 

Jo 

+ P(P ~ 1} E [ H(X s (x)) p ~ 2 \o t ■ V^H(X s (x))\ 2 ds 
2 Jo 

C H(x) p + CE I H(X s (x)) p ds, 

Jo 

which in turn gives (14.191) by Gronwall’s inequality and (ll. 20 p . 

Finally, by (14.18p ~ (14.20p . as in the proof of Kunita [15|, p.159-160] (see also [301 The¬ 
orem 3.4]), there is a full set such that for all w G O 0 and t > 0, x H > X t (x,cu) is a 
homeomorphism. On the other hand, since the coefficients of SDE (14.141) are C 1+e , by [T51 
Theorem 4.7.2], {Y t (-)} t ^o defines a local C' 1 -diffeomorphism flow, so does {X t (-)}t^o- This 
together with the homeomorphism property implies the global C ,1 -diffeomorphism property 
of {X t (-)}t^ o- Finally, (11.231) follows from (I4.18P and [26] Lemma 2.1]. □ 
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